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Abstract

In this paper, the effect of general non-slip condition and magnetohydrodynamic (MHD)
on accelerated flows of a viscoelastic fluid with the fractional Burgers’ model are studied. The
velocity field of the flow is described by a fractional partial differential equation. By using
Fourier sine transform and Laplace transform, exact solutions for the velocity distribution and
shear stress are obtained for flow induced by variable accelerated plate. These solutions, are
presented under integral and series forms in terms of the generalized Mittag-Leffler function,
as the sum of two terms. The first term represents the velocity field corresponding to a
Newtonian fluid, and the second term gives the non-Newtonian contributions to the general
solutions. The similar solutions for second grad, Maxwell and Oldroyd-B fluids with
fractional derivatives as well as those for the ordinary models are obtained as the limiting
cases of our solutions. Moreover, in the special cases when « = =1, as it was to be

expected, our solutions tend to the similar solutions for an ordinary Burgers’ fluid. While the
MATHEMATICA package is used to draw the figures velocity components in the plane.
Keywords: {Non-Slip Condition, Magnetohydrodynamic (MHD), Oldroyd-B Fluid,
Fractional Burgers' Model }
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1. Introduction

Understanding non- Newtonian fluid flows behavior becomes increasingly important as
the application of non-Newtonian fluids perpetuates through various industries, including
polymer processing and electronic packaging , paints , oils liquid polymers, glycerin ,
chemical , geophysics and biorheology. However, there is no model which can alone predict
the behaviors of all non-Newtonian fluids. Amongst the existing model, rate type models have
special importance and many researchers are using equations of motion of Maxwell and
Oldroyd-fluid flows™, [ Bl Recently, a thermodynamic framework has been put into place
to develop a rate type model known as Burgers' model which is used to describe the motion of
the earth's mantle. This model is mostly used to model other geological structures, such as
Olivine rocks ™. M. Khan, S. Hyder Ali, Haitao Qi. (2007)® constructed the exact solutions
for the accelerated flows of a generalized Oldroyd-B fluid. The fractional calculus approach is
used in the constitutive relationship of a viscoelastic fluid. The velocity field and the adequate
tangential stress that is induced by the flow due to constantly accelerating plate and flow due
to variable accelerating plate are determined by means of discrete Laplace transform. C.
Fetecau,T. Hayat and M.Khan. (2008)®! concerned with the study of unsteady flow of an
Oldroyed-B fluid produced by a suddenly moved plane wall between two side walls
perpendicular to the plane are established by means of the Fourier sine transforms. M. Khan,
S. Huder Ali, Haitao Qi. (2009)"! Studied the accelerated flows for a viscoelastic fluid
governed by the fractional Burgers’ model. The velocity field of the flow is described by a
fractional partial differential equation. Liancun Zheng, Yaging Liu, Xinxin Zhang. (2011)®
research for the magnetohydrodynamic (MHD) flow of an incompressible generalized
Oldroyd-B fluid due to an infinite accelerating plate. Mahmood, Hind Shaker, (2012)",
studied the effect of MHD on Accelerated Flows of a Viscoelastic Fluid With the Fractional
Burgers' Model. Thesis submitted to university of Baghdad. The motion of the fluid is

produced by the accelerated plate, which at time t =0"begins to slide in its plane with a
velocity At. The solutions are established by means of Fourier sine and Laplace transforms.
This paper is organized as follows, the basic equations and the solution for variable
accelerated flow are given in section 2. Section 3 contains the results and discussion. The
paper ends with draw the figures of velocity component in the plane.

2. Governing Equations:
The constitutive equations for an incompressible fractional Burgers’ fluid are given by [7]

T=-Pl+S,  (@+ADf +5D)S = u(@+ A DF)A @

Where T is the Cauchy stress tensor,-PI denotes the indeterminate spherical stress, S the
extra stress tensor, A= L+L" the first Rivlin-Ericksen tensor, where L the velocity gradient,
| the dynamic viscosity of the fluid, 4, and A,(<A,) the relaxation and retardation times,

respectively, A,is the new material parameter of the Burgers’ fluid, « and £ the fractional

calculus parameters such that 0<a < <1 and [~)tp the upper connected fractional
derivative defined by
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DPS = DS +Vv-VS — LS —SLT, ..(2)

In which D (= ) is the fractional differentiation operator of order p with respect to t and is
defined as ™*”!

P __ 1 dr f@
D, [f(t)]_r(l_ 5 atd (t_T)pdr , O<p=<1 ..(3)

Here T°(.) denotes the Gamma function and

D2PS = DP(D]S), .. (4)
The equations of motion in absence of body force can be described as
dv —
— =V -T, ...(b
P o )

Where p is the density of the fluid and d/dt represents the material time derivative.
Since the fluid is incompressible, it can undergo only is isochoric motion and hence
V-V =0, ...(6)

For the following problem of unidirectional flow, the intrinsic velocity field takes the form

V =[u(y,1),0,0] (7
Where u(y,t) is the velocity in the x-coordinates direction. For this velocity field, the
constraint of incompressibility (6) is automatically satisfied, we also assume that the
extra stress S depends on y and t only. Substituting Eq. (7) into (1), (5) and taking account of
the initial conditions S(y,0)=0,S(y,00=0, y>0.(i.e. the fluid being at rest up to
the time t = 0). For the components of the stress field S, we have
S, =S,=S,=S,=0andS, =S, this yields
u__op By .8
ot OX oy
(L+ 2DF + A2DX)S, = u(l+ zgotﬂ)% .9
au au au)’
A+47Df +25D7)S, =28, [ + 45 Df]a—ug Y DS, :—Zuif(ayJ ...(10)

Consider that the conducting fluid is permeated by an imposed magnetic field B, which acts
in the positive y-direction. In the low-magnetic Reynolds number approximation, the
magnetic body force is representation by oB,u. Consider an incompressible fractional
Burgers’ fluid lying over an infinitely extended plate which is situated in the (x,z) plane.
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Initially, the fluid is at rest and at time t =07, the infinite plate to slide in its own plane with a
motion of the variable acceleration A. Owing to the shear, the fluid above the plate is
gradually moved. Under these considerations, in the absence of a pressure gradient in the x-
direction, the equation of motion (8) yields the following scalar equations:

oS
pM_ P g2y ..(1D)
ot oy

where p is the constant density of the fluid.
And eliminating S, between Egs. (9) and (11) ,we arrive at the following governing

fractional differential equation

2
A+ A2 Df + A2 Dfa)%” = v+ A2Df) 2}/‘; ~ M@+ A2D¢ + A2 D& )u .. (12)

where ,, = £ is the kinematics’ viscosity of the fluid and p; — oBZ |
P P
The associated initial and boundary condition are follows:
Initial condition:
ou(y,0) _ 2%u(y,0) _

u(y,O) = ot Stz o, y >0 ..(A3)
Boundary conditions:

u@,t)=At> , t>0 ... (14)
Moreover, the natural conditions are

u(y, ), YYD 5 as y -0 and t>0 ... (15)

Have to be also satisfied. In order to solve this problem, we shall use the Fourier sine and
Laplace transforms.

Now, apply Fourier sine transform™ to Eq. (12) and take into account the boundary
conditions (14) and (15), yields

L+ 27DF + A DE“)GUST@’” — v+ DY) (\E ALY — 22U (£.1))
JT

~M A+ 22D + 22D2*)U_(&,1) ...(16)
where the Fourier sine transformU _ (&, t) of u(y,t) has to satisfy the conditions
U, (£,0) _ 9°U,(£,0)

- 27 =0; &>0. .(17)

U s (510) =

Let U_(&,s) be the Laplace transform of U _(&,t) defined by

Us(f,s):TUs(é,t) exp(-st)dt , s>0. ...(18)

Taking the Laplace transform of Eq.(16), having in mind the initial conditions (17), we get!*%!
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v+ As’)
U(69)- \f b”{(s+ﬂis“”+ﬂ§’sz"“+u§ +0EXS” + M + MA's” +Mﬂ§”s“)} - (19)

In order to obtain U_(&,t) = L{U,(&,5)} with L™ as the inverse Laplace transform

operator and to avoid the lengthy procedure of residues and contour integral, we apply the
discrete Laplace transform method. However, for a more suitable presentation of the final
results, Eq. (19) is rewritten in the equivalent form

0.(65) = \F b! 1{1 S+ A+ S M + MATS” + MAs™ } .(20)

s ElT (s+ A A5sP T 1 0E 1 0E S + M+ MATS” + MA“s™)
And then
2,1 S+ + S+ M + MA'S” + MA s b!
U, (‘f s) = \f b+l _\fA atl ﬂla 2a+1 ﬂ? Bf ﬂl /12 20020 b+1 (21
o El (SHASTH ST+ 0E +0E NS + M+ MAST + MA S™) | s

Hence Eq. (21) can be written under the form of a double series as ( using
K kib™

= and L

zZ+a g( V= (A+D)" éml(k m)l

— 2 b! 1
U,(&,8) == A b+l
T S

- \/Z A%[(s + AT+ A5+ M+ MATSY + MAS S
T

- 1 ' Il J TA¢L il

i(_l)m gl I(m-1)! ,Z; jiI- J)!gi!(j—i)!é di(i—d)!

m=0 (Sa+1 _I_E(ng 4 M))m+1

JeCm-dD) gal- gm0\ isd () £2)d pmigo ] .. (22)

b+l

Inwhich s = m+2ad — j — i + Bd — ad.
Now, applying the inversion formula term by term for the Laplace transform, Eq.(22)
yields
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> > A | I
U‘ft)_( A 22 > D" i 1
a(—m+i-d-1) qa(l—i) d j—d 2+\d
Zl!(]—l)lzd!(l—d)! A 200 AT M (08

i=0 =d=0

a+l)ym+(a—35)— m 1 a+
X [t( DmHamo)= E((a+)1) (a—5) (- _/110{ (Uégz + M)t 1)
o a+: 1 a+
+ A7 tlebmmet g0 _a(—f(&’fz"‘M)t D)

o a+l)m+(—a—35)— m 1 a-+
+ A5 tlemrCamat gtm (_a_a)(—ﬁ(uészM)t )

1 2
+ M t(a+1)m+(a+1 5)-1 E((orl)l) > (_E (Uf + M )ta+1)

a ¢ (a+1)m+(1—-5)— m 1 2
+M AT EIT BN, (s (=5 (087 + M)
i
+ M AGpeDma DL g (—% (L& + M= D] * t° .(23)

where "=" represents the convolution of two functions and

E,.(2)= Zl—‘(/'tn+,u) A, 1t>0, ...(24)

n=0

Denotes the generalized Mittag-Leffler function with
d K = (n+k)z"
E{) (2) = 7) = 4 ...(25
(2) = Ern(2) nzzoln!l“(/ln+ﬂ,k+,u) (25)
Here, we used the following property of the generalized Mittad-Leffler function™"
_ kls*—# . y
Ll{m} tHee e (2ct?),  (Re(s) >|c|"). ...(26)
and

LM (F(s)G(s)) = f (1) *g(t) - (27)
Finally, inverting (23) by the Fourier transform!*Yl we find for the velocity u(y,t)the
expression
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a2 2 Frsin(gy) & mSy ' !
u(y,t) = At ﬁAM 2. )Zu(m—l)'ZJ'(I—J)'

m=0 1=0 j=0

i
a(-m+i—-d-1) qa(l-i) 4pd j—d 2\d
.Zo:l'(J — il di(i —d)! 4 L0 A M (0g)

(n+m>!(—j€¢(§2 + M)z

>< (a+l)m+(a 5) 1i
SnNT'((a+D)n+ (x+1)m+ (x — O))

(n+m)!<—jf((§2 M)z

a (a)m-5-1 -
N nZ:(;‘n!F((a+1)n+(a+l)m+(—5))

(n+ m)!(—jf(afz £ M)zt

_|_/1a (a+l)m+(—a-56)-1 3
nz(; NTC((x+D)n+ (x +1)m + (—x — 9))

(n+ m)!(—g(é2 + M)z

+ M 2_(aerl)er(onrlﬂ‘)‘)fl -
nzz;‘ NC((+Dn+ (x+1)m+ (ax +1—9))

L (M (M)
= nNl'((c+Hn+ (a+1)m+ 1 —-9))

+M ﬂf’l'(a+l)m+(1_5)_l

(n+ m)!(—ﬂ?(e;2 LM ey

M A% 7 (@rdm+(-a-5)-1 ~ t—72)drd ...(28
M7 nZ::;n!r((a+1)n+(a+1)m+(1—a—5))]( 7y dzds (28)

where

f(t)*g(t)= jf(r)g(t 7)dz and js'”(égy)og:% . (29)

To obtam the expression for the shear stress S, (y,t) we first apply the Laplace

transform to Eq. (9) and using the initial condition S(y,0) = % =0, Yields:

- _ @+A%s”y oUuU(y,s)

Take the part 1 and using L:i(_l)i yrand (1+b)k = Zk: kib™
1+ A%s” + A%s* 1+y & “mi(k —m)!’

then
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1 = r 2 r
= -1 Y% 4155
1+ A7s” +/1‘§sz"‘ Z‘( ) (4 :57)

a 1)f(ﬂfs“)f(1+j—§s“)f

r

1l
8 ng

r! A5
— 1 a a Sa P
:0( VST pz;p'(r—p)' ey :
substituting Eq. (31) into Eq. (30) to get
AeP) a(r+p) BB M
S, (y.s)= uZ( )Zpl(r p)l P J2 g2P) (14 A2s¥) 5

The image functlon U (y,s) can immediately be obtained through Eq. (22) .

. (3)

. (32)

Consequently,

evaluating 2U (y.s) from the mentioned equation and introducing it into Eq. (32), yields

oy

o 2 A ! a(r-p) Jap gar(r+p) pery P!
Sy (y,8)= [ Z( N Z p'(r— p),ﬂq A3 A+ 25s”) o

- \/z ,uE[(s + A 4 A28+ M+ MAY S + MAS s
T

+ A (ST + AEST 4 2287 Ms” + MAZSPTY + MAS P Y)

r m gy WINGV MG L il
2, 'Z ZJ"(l—J')'-Zi!(j—i)!édl(i—d)!

. S m+r p=0 p!(r_ p)-l:o I!(m_l)!j:0 . si=0
Z Z(_l) +1 1 2 m+1
r=0 m=0 (Sa + E(Uf +M ))

I
A{z(r p-m-+i—d—1) ﬂa(pﬂ i) /Iﬁd M (E?)¢ mis’] E+1 1

inwhich 77 = & + a(r + p).

. (33)

Now, applying the inversion formula term by term for the Laplace transform Here, we used

the following property of the generalized Mittad-Leffler function
_ kis* s 1A

L 1{w}= tlk ud E;(Lk;)l (iCt’l), (Re (S) > |C| )

then EQ.(33) yields

...(34)
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6 o0
Sy (Y, 1) =—1I N 2 FTP g
i’ oy r=0 p=0 p'(r p)l/’ll 2
tflf(r+p)a t71 (r+p)a—p

Y:;
CCrama B TCrma—p’

> A= - UL 1 r r!

‘E“Eg 2 O™ 2 i 1y Pt — !
! I ] ' < it

Z jra— j)lz' i—i Zd!(i—d)!

j=0 Ul LY@ IRl B ] e
.ﬂix(r—p—m+i—d—l) /fi‘g(p+l—i) ﬂgd M ¢ (Uéz)d

=< [[t(a+1)m+(a777)71 E((:le)’(a,n) (_i (052 + M )ta+1)

A
+/1f t(a+1)m —n—1 E(m) (_%(052 + M)ta+1)

(ax+1),—77

(24 a+1l)m+ oa— m l o+
+ g tlemmCammt g (m) (7a7,7)(—f(u§2+M)t D)

a+l)M+(a+. m 1 o+
+ M tlermien L g (= (0E2 + M)t

(a+ /’Lf

a+1)m+1- m i o+
—l—M/'iit( 1)m+(1-7)-1 E((m)l) (1777)(_E(U§2 + M)t 1)

1
+ M /'i,gt(a+1)m+(1_“_5)_l E((:-zl),(l—a—ﬁ) (__ E (Ué:z + M )t a+l)]

a+l)ym+(a—pf—n)— 23 a+
_|_/’L,§[t( Dm+(a—p-n)-1 E((;-Zl),(a—ﬁ—n) (_E(Uéz 4 M)t 1)

+ /lflx t(a+l)m+(—ﬁ 7)—1 E((:,?l) —pm (_%(052 + M) ta+l)

_'_ﬂa t(a+1)m+( a—pf-n)—-1 E(m)l) e (_%(052 s M)ta+l)

(a+

1
(a+1)m+(a+1-F-n)-1 (m) 2 1
+Mt a+1)m+(o+ 7 E(on;rl) (a+1-p—7) (—E (Ug + M )ta+ )

a+1l)m+ m 1 a+
+ M A7 tlemmr o E((a+l) A—p—1) (_E(Ufz + M)t™)
o a+1l)m+ o— m 1 a+
FM AL B o (e 0T A MO T (35)
where "*" represents the convolution of two functions. Finally, inverting (35) by the Fourier

transform, and using f(t)*g(t):j f (r)g(t —r)dr and denotes the generalized Mittag-Leffler

function with
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(k) . dk < (n+k)!z
u(2) = E..(2) = nZ:o: NI (AN + AK + 42)
then we have the shear stress S, (Y,t) in the expression
i r!
S,y (V. t):——Aujjcos«:y); mzo< " Z,.(m D12 pI(r — Pyt
! I i it !
,Z;' T — j)!gn(j_i)% di(i —d)!

_/rta(r—p—m+i—d—1) /ri/(;(pﬁ—l—i) /»Lgd M j—d (U§Z)d

)

(n+ m)!(—%(e:z + M) zeyn

=< (a+l)ym+(a—77)-1
= Zn!F((a+1)n+(a+1)m+(a—77))

n=0

(n—+ m)!(—%(fz M)z

(ax+1)m—7n—1
+AT znlr((a+1)n+(a+1)m+( 7))
) (n+m)!<—?<§ + M)z

S nNT'((+Dn+(x+1)m+ (—x —177))
(n+m)!(—%(§2 + M)y

+ /ng P (x+1)m+(—a—nr)—1

o

4+ M T (a+1)ym+(a+1—r7)—1

S nNTM'((a+Dn+ (x+D)m + (x +1—17))
o (M€ Mo
NN ((aa+Dn+ (ax+D)m+ (A —177))

(n+ m)!('%(éz + M=)

&+ M /’Lft z_(a+1)m+(l—77)—l

o0

nNIM'(a+Dn+(a+I)m+(Q1— o —77))]

(n+ m)!(—%(e:z + M) zeryn

+ M /rl,czzz_(a+1)m+(1—a—r7)—1

s

+ /'L/f [T(a+1)m+(a4/37n)flz
® SNl ((aa+Dn+(x+1)m+ (x — B —17))

(n+ m)!(—%(éz + M)z

s

+ ﬂf r (a+1)ym+(—p—n)—1

SN ((aa+Dn+(ax+1D)m+ (—L —17))

(n+m)i— L (&2 + M)ty
_'_/»La (a+1)ym+(—a—L—nr)—1 /’Ll

—nl'((+Dn+(a+1)m+ (—x — B —17))

(n+ m)!(—f(ff + M)z )"

+ M T(a+1)m+(a+1—,8—77)—1 -
SnNT'((aa+Hn+(aa+I) M+ (x+1— L —177))

(n+ M2 (&7 + Moy
(x+1)ym+(1—-L—r7)-1
+MATT nzc;nll“((a+l)n+(a+l)m+(1 B—1)
(n+ m)'(—z(f + M z'a+1)

o: (a+1)m+(1 a—pf—n)—1

.(t—7)°dzrd&

..(36)

.. (37)
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3. Results and Discussion:

This section includes the discussion relevant to the velocity profiles for
variable accelerated flow. Comparison are preformed between ordinary and
fractional models for both the fluids (Oldroyd-B and Burgers' fluids) for various
values of «,p,4,,and t . The effect of non-slip condition b and magnetic body
force M are also discussion. We interpret these results with respect to the
variation of emerging parameter of interest. For the sake of simplicity, we take
A=1,v=0.002in all figures.

Figs.(1,2) show the profiles of the velocity with two fixed different values of t
for different values of fractional parameters « and g of the models. From these

figures, it obvious to note that the order of the fractional parameter « have
strong effect on the velocity profiles. It is noted that as « increases there is
increasing in the velocity value in the case of Burgers' fluid. However, « has
opposite influence in case of Oldroyd-B fluid. Whereas £ shows small effect on
the velocity profiles. It is note that as g increases there is very small increasing
in the velocity value in both the fluids (Oldroyd-B and Burgers' fluids).

The features of the rheological parameter of the Burgers' fluid can be observed
from Fig.(3). From this figure, it appears that the velocity is strong function of
the rheological parameter A, of the Burgers' fluid. It can be seen that the velocity

is a increasing function of the rheological parameter A, of the Burgers' fluid.
However, this result cannot be generalized for other chosen values of A, since
the behavior of A, is non-monotonous. Furthermore, it is interesting to observe

that the effect of rheology of the fluid on the flow is much stronger in fractional
models than those for the ordinary models.

Fig.(4) illustrate the variation of the velocity profiles for different values of
t. It is obvious to note that the velocity is an increasing function of time for both
models. A comparison shows that the velocity profiles for fractional Burgers'
fluid are much greater in magnitude than those of ordinary Burgers' fluid.

Fig.(5) shows the velocity changes with the magnetic field parameter. It is observed that
the velocity decrease as the magnetic field M parameter increasing. Fig.(6) shows the velocity
changes with the non-slip condition. It is observed that the velocity will increase as the power
of b (non-slip condition ) increasing.
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Fig.(1) Velocity u(y,t) versus y for different value of « when the other parameters are fixed.
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Fig.(2) Velocity u(y,t) versus y for different value of B when the other parameters are fixed.
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Fig.(3) Velocity u(y,t) versus y for different value of
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Fig.(4) Velocity u(y,t) versus y for different value of t when the other parameters are fixed.
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Fig.(5) Velocity u(y,t) versus y for different Fig.(6) Velocity u(y,t) versus y for different
value of M when the other parameters are fixed. value of b when the other parameters are
fixed.
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